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Abstract
We derive quantum spectral curve equation for (q, t)-matrix model, which turns
out to be a certain difference equation. We show that in Nekrasov–Shatashvili limit
this equation reproduces the Baxter TQ equation for the quantum XXZ spin chain.
This chain is spectral dual to the Seiberg–Witten integrable system associated with
the AGT dual gauge theory.
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1 Introduction
Quantum generalizations of classical spectral curves have attracted much attention re-
cently. They appear in a variety of different contexts in mathematical physics, some of
them interrelated. In topological strings quantum spectral curves are the equations solved
by the topological recursion procedure [7], [6], [5], [4], [8], [27], [20], [21], [56]. In 2d CFT
they provide the differential equation for conformal block with a degenerate field inser-
tion [41]. In N = 2 gauge theories quantum spectral curves describe Nekrasov partition
functions with extra surface operators [17], [18], [2], [32]. In quantum integrable systems
they appear as Baxter TQ equations or universal difference operators [14]. Finally in knot
theory similar equations provide recurrence relations for colored HOMFLY polynomials
in different representations [22], [33], [36], [30].
In this short letter we derive the quantum spectral curve for the (q, t)-matrix model.
It is related to all of the fields mentioned above. Firstly, the (q, t)-matrix models (or the q-
deformed β-ensemble) provide the Dotsenko–Fateev representation for the q-deformed Vi-
rasoro conformal blocks [60], [11], [13]. Due to the AGT correspondence [3], [31], [63], [43],
these blocks are related to five dimensional gauge theories [12], [64], [51]. In the Nekrasov–
Shatashvili limit [55] the resulting equation turns into the Baxter TQ equation for
the quantum XXZ spin chain. Finally, quantum spectral curve can be thought of as
∗yegor.zenkevich@gmail.com
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an equation for the partition function of refined topological strings on toric Calabi-
Yau three-fold with a Lagrangian brane attached to one of the legs of the toric dia-
gram [62], [19]. This partition function can be computed using (refined) topological vertex
technique [38], [1], [39], [61] and in simple cases is related to certain knot invariants [35].
In sec. 2.1 we warm up with the well known example of the ordinary β-ensemble. In
sec. 2.2 we proceed to our main object: the (q, t)-matrix model. In sec. 3 we look at the
NS limit of the curve and obtain the Baxter TQ equation for the XXZ spin chain. We
also clarify its relation to the Seiberg–Witten integrable system which in this case is a
given by another XXZ spin chain. Some comments on the obtained result are given in
sec. 4.
2 Dotsenko–Fateev representation and quantum spec-
tral curves
2.1 Virasoro conformal block and β-ensemble
Let us start with the usual Virasoro conformal blocks with a single degenerate field
insertion Vdegen. The differential equation for this conformal block is obtained from the
null-vector condition (L2−1 + aL−2)Vdegen(z) = 0. We will now translate this statement
into the language of β-ensembles.
Conformal blocks can be represented as correlators in a free field theory with ad-
ditional screening operators. This produces the Dotsenko–Fateev integral representa-
tion [23], [37], [25], [26], [59], [46], [45], [44]:
BVir ({Λa}, {∆a}) = B
−1
Heis ({Λa}, {∆a})
∫
{C}
dNx∆2β(x)
N∏
i=1
K∏
a=1
(Λa − xi)
va =
= B−1Heis ({Λa}, {∆a}) IDF ({Λa}, {∆a}, {C}) , (1)
where {C} is a collection of contours, which determines the intermediate dimensions in the
conformal block, ∆2β(x) =
∏
i 6=j(xi−xj)
β, Λa are the positions of the primary fields, and
va are Liouville momenta of the primaries. Notice a factor B
−1
Heis, which is the conformal
block of the Heisenberg algebra. It is also known as the “U(1) part” in the AGT literature
and is given by a simple explicit expression in Λa and va. From now on we will work
exclusively with the integral itself and not concern ourselves with the Heisenberg part.
To derive the differential equation one needs a primary field with va = 1. We denote
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the position of this field by z. Consider the following integral of a total derivative:
0 =
∫
{C}
dNx
N∑
i=1
∂
∂xi
[
1
z − xi
∆2β(x)
N∏
k=1
(z − xk)
N∏
i=1
K∏
a=1
(Λa − xi)
va
]
=
=
∫
{C}
dNx
N∏
k=1
(z − xk)
N∑
i=1
1
z − xi
∂
∂xi
[
∆2β(x)
N∏
i=1
K∏
a=1
(Λa − xi)
va
]
=
=
∫
{C}
dNx
N∏
k=1
(z−xk)
N∑
i=1
1
z − xi
(∑
j 6=i
2β
xi − xj
−
K∑
a=1
va
Λa − xi
)[
∆2β(x)
N∏
i=1
K∏
a=1
(Λa − xi)
va
]
=
=
(
β∂2z −
K∑
a=1
va
z − Λa
∂z +
K∑
a=1
1
z − Λa
∂Λa
)
IDF ({z,Λa}, {∆a}, {C}) (2)
We thus obtain a well-known second order differential equation in z for the conformal
block with a single degenerate field. We now move on to the q-deformed case.
2.2 q-Virasoro conformal block and (q, t)-matrix model
In the q-deformed case the DF integral becomes Jackson q-integral1:
IDF ({Λa}, {va}, {C}) =
∫
{C}
dNq x∆
(q,t)(x)
N∏
i=1
K∏
a=1
va−1∏
k=0
(
Λa − q
kxi
)
, (3)
where {C} is a collection of contours, ∆(q,t)(x) =
∏β−1
k=0
∏
i 6=j(xi− q
kxj), t = q
β and va,Λa
are the parameters2.
Naturally the quantum spectral curve should now be a difference equation. The
degenerate field insertion in the q-deformed case stays the same: it amounts to adding∏N
i=1(z−xi) into the integral. The construction of the degenerate vertex operator V1,2(z)
associated to the degenerate state |α1,2〉 was given in [60], [11], [13]. This state satisfies
the q-deformed degeneracy condition (T 2−1 − aqT−2)|α1,2〉, where Tn are the generators of
the q-deformed Virasoro algebra and aq is a certain function of q and t. The derivatives ∂z
in the quantum spectral curve equation should be deformed into q-derivatives
(
1− qz∂z
)
.
1Jackson integral is defined as follows:
∫ a
0
f(x)dqx = (1 − q)
∑
n≥0 aq
nf(qna) = 1−q
1−qa∂a
af(a).
2We implicitly assume β and va to be integer in these expressions, however everything has a well-
defined analytic continuation to non-integer values. In particular, the spectral curve equation is valid for
any values of the parameters.
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As in the previous section, consider the q-integral of a total q-derivative:
0 =
∫
{C}
dNq x
N∑
i=1
1
xi
(qxi∂xi − 1)
[
xi
∏K
a=1
(
Λa −
xi
q
)
z − xi
∏
j 6=i
xi − txj
xi − xj
×
×∆(q,t)(x)
N∏
m=1
(z − xm)
K∏
a=1
va−1∏
k=0
(
Λa − q
kxm
)]
=
=
∫
{C}
dNq x
N∏
k=1
(z − xk)
N∑
i=1
1
z − xi
(q qxi∂xi − 1)
[
K∏
a=1
(
Λa −
xi
q
)∏
j 6=i
xi − txj
xi − xj
×
×∆(q,t)(x)
N∏
m=1
K∏
a=1
va−1∏
k=0
(
Λa − q
kxm
)]
(4)
Notice a nontrivial factor of
∏
j 6=i
xi−txj
xi−xj
, which is inherent to the q-deformed case and
does not appear in the limit q → 1. The same factor appears in Macdonald operator,
of which Macdonald polynomials are eigenfunctions. However, the connection of this
operator and the quantum spectral curve is not yet clear. The shift operator qxi∂xi acts
on ∆(q,t)(x) as follows:
qxi∂xi∆(q,t)(x) = tN−1
∏
j 6=i
(qxi − xj)(txi − xj)
(xi − xj)(qxi − txj)
∆(q,t)(x). (5)
Some factors in Eq. (5) cancel with the additional factor
∏
j 6=i
xi−txj
xi−xj
. One obtains the
following identity:
0 =
∫
{C}
dNq x
[
N∑
i=1
qtN−1
z − xi
∏
j 6=i
txi − xj
xi − xj
K∏
a=1
(Λa − q
vaxi)−
−
N∑
i=1
1
z − xi
∏
j 6=i
xi − txj
xi − xj
K∏
a=1
(
Λa −
xi
q
)]
×
×∆(q,t)(x)
N∏
k=1
(z − xk)
K∏
a=1
va−1∏
k=0
(
Λa − q
kxi
)
. (6)
Let us write both terms in the square brackets as contour integrals3:
N∑
i=1
qtN−1
z − xi
∏
j 6=i
txi − xj
xi − xj
K∏
a=1
(Λa − q
vaxi) =
=
qtN−1
t− 1
∮
Cx
dw
w
1
z − w
N∏
j=1
tw − xj
w − xj
K∏
a=1
(Λa − q
vaw) , (7)
3We include the factor 1
2pii
in the definition of the contour integral.
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N∑
i=1
1
z − xi
∏
j 6=i
xi − txj
xi − xj
K∏
a=1
(
Λa −
xi
q
)
=
=
1
1− t
∮
Cx
dw
w
1
z − w
N∏
j=1
w − txj
w − xj
K∏
a=1
(
Λa −
w
q
)
, (8)
where the contour Cx encircles all the points xi.
We deform the contour Cx to C∞ — a large contour around zero — so that it gets extra
contributions from residues at z and 0. We will treat the integral over C∞ in a moment.
Let us first find the residues at points z and 0:
qtN−1
t− 1
∮
Cx
dw
w
1
z − w
N∏
j=1
tw − xj
w − xj
K∏
a=1
(Λa − q
vaw) =
= −
qtN−1
z(t − 1)
[
K∏
a=1
Λa −
N∏
j=1
tz − xj
z − xj
K∏
a=1
(Λa − q
vaz)
]
, (9)
1
1− t
∮
Cx
dw
w
1
z − w
N∏
j=1
w − txj
w − xj
K∏
a=1
(
Λa −
w
q
)
=
=
1
z(t− 1)
[
tN
K∏
a=1
Λa −
N∏
j=1
z − txj
z − xj
∏
a
(
Λa −
z
q
)]
. (10)
One can notice that the factors containing xj in Eqs. (9), (10) can be expressed as shift
operators acting on the degenerate field:
N∏
j=1
tz − xj
z − xj
N∏
j=1
(z − xj) = t
z∂z
N∏
j=1
(z − xj), (11)
N∏
j=1
z − txj
z − xj
N∏
j=1
(z − xj) = t
N t−z∂z
N∏
j=1
(z − xj). (12)
We now calculate the troublesome residues at infinity:
qtN−1
t− 1
∮
C∞
dw
w
1
z − w
N∏
j=1
tw − xj
w − xj
K∏
a=1
(Λa − q
vaw) =
=
qtN−1
(t− 1)
1
(K − 1)!
∂K−1
∂yK−1
(
1
yz − 1
N∏
j=1
t− yxj
1− yxj
K∏
a=1
(Λay − q
va)
)∣∣∣∣∣
y=0
, (13)
1
1− t
∮
C∞
dw
w
1
z − w
N∏
j=1
w − txj
w − xj
K∏
a=1
(
Λa −
w
q
)
=
=
1
qK(1− t)
1
(K − 1)!
∂K−1
∂yK−1
(
1
yz − 1
N∏
j=1
1− tyxj
1− yxj
K∏
a=1
(Λaqy − 1)
)∣∣∣∣∣
y=0
, (14)
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For lower K the total residue at infinity, which we denote by R
(K)
∞ , can be found explicitly:
R(0)∞ = 0,
R(1)∞ =
1
q(t− 1)
(
t2N−1qv1+2 − 1
)
,
R(2)∞ =
1
q2(t− 1)
[
z
(
t2N−1q3+v1+v2 − 1
)
+ (t− 1)
(
q3+v1+v2t2N−2 + 1
) N∑
j=1
xj+
+
2∑
a=1
Λaq
−va
(
q1+va − q3+v1+v2t2N−1
)]
In general R
(K)
∞ (z) is a polynomial in z of degree K − 1, of the form
R(K)∞ (z) =
t2N−1q1+
∑K
a=1 va − q−K
t− 1
(−z)K−1 + . . . (15)
The coefficient in front of zm contains symmetric polynomials in xj up to degreeK−m−1.
In the NS limit these symmetric polynomials decouple from the matrix model average
and become Hamiltonians of the XXZ spin chain. Before the limit, they can be obtained
by acting on IDF(z) with certain operators in Λa. We denote the operator polynomial,
which produces R
(K)
∞ (z) from IDF(z) as Rˆ
(K)
∞ (z). However, we will not write out these
operators explicitly.
Finally, we obtain the quantum spectral curve for the (q, t)-matrix model:[
−
tN
z(t − 1)
((q
t
− 1
) K∏
a=1
Λa −
q
t
K∏
a=1
(Λa − q
vaz) tz∂z +
K∏
a=1
(
Λa −
z
q
)
t−z∂z
)
+
+ Rˆ(K)∞ (z)
]
IDF(z) = 0. (16)
One usually sets the position of one of the fields in the conformal block to zero, which
simply amounts to taking the limit Λ1 → 0. Then the equation simplifies:[
tN
(t− 1)
(
qv1+1
t
K∏
a=2
(Λa − q
vaz) tz∂z −
1
q
K∏
a=2
(
Λa −
z
q
)
t−z∂z
)
+ Rˆ(K)∞ (z)
]
IDF(z) = 0
(17)
3 Nekrasov–Shatashvili limit
In the NS limit the quantum spectral curve can be interpreted as a Baxter equation
for a certain integrable system [47], [48], [52], [57], [65], [42] (for a more mathematical
description see [17] [18]). In the ordinary Virasoro case this system is just the Hitchin
integrable system associated to the Riemann surface (with marked points) on which the
conformal block lives. Generalizing this result, we show that the q-deformed conformal
block on a sphere satisfies the Baxter TQ equation for the XXZ spin chain.
6
3.1 Virasoro block and Hitchin system
Again we start with the well-known example of Virasoro conformal block. In the NS limit
ǫ2 → 0, ǫ1 = const4 so that β →∞, and the dimensions of the fields in the conformal block
also have to be rescaled with β, so that va = βv˜a, v˜a = const. The main simplification in
the quantum spectral curve equation (2) occurs because the dimension of the degenerate
field is fixed and does not scale with β. Therefore, the correlators involving Vdegen(z), in
particular IDF(z), behave as e
−βF+S(z)+..., where the leading factor F is independent of z.
To get rid of the leading factor one can divide by the DF integral IDF,0 ≃ e
−βF without
the degenerate field insertion.
Finally, we obtain an equation for the “wave function” Ψ(z) = IDF({z,Λa})
IDF,0({Λa})
:(
∂2z −
K∑
a=1
v˜a
z − Λa
∂z +
K∑
a=1
ha
z − Λa
)
Ψ(z) = 0 (18)
where ha = ∂ΛaF({Λa}). This is nothing but the Baxter equation for the gl2 Gaudin
model with K marked points which is the relevant Hitchin system in this case. The
Baxter equation can be written in the form
: det
2×2
(∂z − L(z)) : Ψ(z) = 0, (19)
where L(z) =
∑K
a=1
Aa
z−Λa
is the Lax matrix and an appropriate normal ordering is imposed
on the operators in the determinant. The parameters of the β-ensemble are interpreted
as the Casimir operators and Hamiltonians of the Gaudin model as follows:
v˜a = trAa, (20)
ha =
∑
b6=a
trAaAb
Λa − Λb
. (21)
3.2 q-deformed block and XXZ spin chain
In the q-deformed case one has q = e−R5ǫ1, t = eR5ǫ2 and in the NS limit ǫ1 → 0, ǫ2 = const.
This choice is related to the convention of the previous section by the symmetry ǫ1 ↔ ǫ2.
One also has to rescale the va parameters so that q
va = tv˜a = const.
As in the ordinary Virasoro case, in the NS limit the operator Rˆ
(K)
∞ (z) act on the DF in-
tegral without insertion IDF,0 and not on the wavefunction Ψ(z) =
IDF({z,Λa})
IDF,0({Λa})
. Thus the op-
erator Rˆ
(K)
∞ (z) is replaced by a polynomial t
N
t−1
PK(z) =
(
I−1DF,0({Λa})Rˆ
(K)
∞ (z)IDF,0({Λa})
)
and the quantum spectral curve (17) takes the form[
tv˜1−1
K∏
a=2
(
Λa − t
v˜az
)
tz∂z −
K∏
a=2
(Λa − z) t
−z∂z + PK−1(z)
]
Ψ(z) = 0 (22)
4The parameters ǫ1 and ǫ2 enter Nekrasov function on equal footing, so there is an equivalent form
of the NS limit ǫ1 → 0, ǫ2 = const, which we employ in the next section.
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This equation has exactly the same form as the Baxter equation for the XXZ spin
chain with K − 1 spins from Uq(gl2)algebra:
: det
2×2
(qz∂z − T (z)) : Q(z) = 0 (23)
where T (z) = V
∏K
a=2 La(z) is the transfer matrix. More explicitly[
qK+(z)q
z∂z −K−(z)q
−z∂z + PK−1(z)
]
Q(z) = 0, (24)
where K±(z) =
∏K
a=2(z−m
±
a ) and PK−1(z) =
∑K−1
a=0 haz
K−a−1 are polynomials of degree
K − 1 containing Casimir operators of the spins and the Hamiltonians of the chain
respectively and q is the parameter of the twist matrix. The matrix model parameters
are identified with the spin chain parameters as follows:
m+a = Λat
−v˜a , (25)
m−a = Λa, (26)
q = t
∑K
a=1 v˜a−1 (27)
and one should write q instead of t in Eq. (22).
Let us clarify the relation of the integrable system we have just obtained and the
Seiberg–Witten integrable system [34], [24]. Due to the AGT correspondence the q-
deformed conformal block we consider is equal to partition function of the five-dimensional
SU(2)K−2 gauge theory. In turn this gauge theory is associated with the XXZ spin chain
with two spins from symmetric representations of Uq(glK−1) algebra. This is notably
different from the spin chain described by (24), which has K − 1 spins of Uq(gl2).
The resolution of this seeming discrepancy requires the notion of spectral duality.
There are in fact two equivalent chains with the Baxter equations related by this duality (it
can be thought of as just the Fourier transform in the spectral parameter) [53], [49], [50], [66].
One is the Seiberg–Witten integrable system, while the other is the system arising from
the AGT dual conformal block. The two systems are described by two different (q, t)-
matrix models, which are related by a very nontrivial integral transform. To make the
spectral duality explicit one needs to decompose both integrals in terms of refined topo-
logical vertices and use the slicing invariance property of refined topological strings.
4 Conclusions and discussion
We have derived the quantum spectral curve for the (q, t)-matrix model and shown that
in the NS limit it reduces to the Baxter equation for the XXZ spin chain. Spectral duality
connects this spin chain and the corresponding Seiberg–Witten integrable system. This
should be compared with the quantum spectral curve for the β-ensemble, which in the
NS limit is related to Hitchin system.
There are several directions in which our result can be generalized. Firstly, one can
consider the toric q-deformed conformal blocks and the corresponding Dotsenko–Fateev
integrals. They should satisfy a difference equation, of the elliptic Ruijsenaars form. It
would also be interesting to study elliptic deformations of the Virasoro algebra, which
should lead to XYZ spin chains and double elliptic integrable models [9], [10]. Probably
8
Baxter equations for these cases might clarify the relationship between the spectral dual-
ity [53], [49], [50], [66] and p-q duality in integrable models [58], [16], [29], [28]. Recently
the connection between 5d gauge theories described by the matrix models we have con-
sidered here and polynomial knot invariants has been obtained [35]. This direction is also
worth investigating in the future.
Note added in the published version. While this paper was refereed a num-
ber of other works [54], [40], [15] dealing with (q, t)-deformation of the classical spec-
tral curve have appeared. These papers consider matrix models which are similar to
or generalizations of the (q, t)-matrix model we have considered. They derive the recur-
rence relations for the correlators (also known as the qq-characters, loop equations or
nonperturbative Ward identities) in these matrix models, which are equivalent to the
(q, t)-spectral curve (17) for any values of q and t. The only essential difference between
the two approaches is that the authors of [54], [40], [15] consider an insertion of the
energy-momentum tensor T (z) in the matrix model average, while in the present work an
insertion of the product T (z)V1,2(z) of the energy-momentum tensor with a degenerate
vertex operator V1,2(z) is considered.
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